Abstract. The theorem of Feuerbach states that the nine-point circle of a nonequilateral triangle is tangent to both its incircle and its three excircles. We give a simple proof of this theorem.
Let ABC be a triangle with circumradius R and sidelengths a, b and c. We choose a coordinate system, which has its origin in the circumcenter O of the triangle. We denote the vectors from O to the vertices A, B and C by u, v and w respectively. Then we have a = v − w , b = u − w , c = u − v and u = v = w = R. The semiperimeter 1 2 (a + b + c) is denoted by s. Let N be the nine-point center and H the orthocenter of the triangle. Set n = w. Then we have n − (
R. Similarly we get n − ( w. The equations of the angle bisectors through A and B are
and µ = ac 2s
we get m in both cases. This shows that m is the vector from O to the incenter I.
w. The equations of the external angle bisectors through A and B are
we get m c in both cases. This shows that m c is the vector from O to the excenter I c .
We use the following lemma for the computation of distances.
Similarly we get u, w = R 2 − 
Using this and u = v = w = R we compute
This is the desired result.
We use Heron's formula ∆ 2 = s(s − a)(s − b)(s − c) for the area ∆ of the triangle.
This can also be written as 16∆ for the inradius r, the exradius r c and the circumradius R. In particular we have rR = .
Proof. We have
and d c = c 2s
. We
= 2rR. The Lemma gives the result. . We get
R+r c .
Theorem 2 implies that the nine-point circle is tangent to the incircle and Theorem 3 implies that the nine-point circle is tangent to the excircle opposite C.
We get also Proof. Since N is the midpoint between O and H, we get that u + v + w is the vector from O to H. Hence the desired result follows from the Lemma with
Classical proofs of of Feuerbach's Theorem can be found in [1] and [2] . In [3] a proof is given, which uses vector computations. The proof in this paper is still simpler than those in [3] .
